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ITERATED LIMITS IN N*(U™)
BY

CARL STEPHEN DAVIS

ABSTRACT. It is shown that if f is in N l"(U"), then the iterated limits
of f are almost everywhere independent of the order of iteration. In fact, the

iterated limit and the radial limit are equal almost everywhere.

1. Let U ={(z, -++, 2,)€ C": |z 0|<1}, T" ={@wy, -+, w,): |w;| = 1}, and
let m  denote normalized Lebesgue measure on T". If / is holomorphic on U™
and 0<r<1,let f(z, v,z )=f(rz, -+, rz ). N(U™) consists of those [
holomorphic on U” for which

sup f log? |7l dm < oo.

O<r<l
An fe N(U"™) is said to be in N *(Un) if the family {log+|/'H is uniformly in-
tegrable [2]. An fe N(U™) is in N, wmn if
sup f 1og+|/ |(log+log+|f l)kdm < oo,
O<r<l
Let ¢ be strongly convex [2]. Then an {, holomorphic on U7, is in Hd> (umy if
sup f (,‘I')(log+|/ ])dm < oo,

O<r<l

Equivalently, ¢ (log +|/|) has an n-harmonic majorant in U™. Then we have:
N*(U™) is the union of all the Hy (U™ and N, (U™ G N* (U™, [2). 4™
consists of those [ holomorphic on U” and continuous on the closure of U™

For [€ N(U™) we let [*(w) = lim fGw, <o, rw ), for weT" (see [2D.
Then [* is measurable on T” and log +|f*| eLNT™. If fe N(U™) and weT,
let fwl(zz. cee, zn) =lim _ fGw, z, -, zn), whenever this limit defines

a holomorphic function on U™ !, Zygmund in [4] proves:
1.1 Theorem. If f€ N(U™), then for almost all w €T, [“1e N(U™~1).

Similar theorems hold for Hy and N* For a w, €T satisfying 1.1, we may
then consider

e L)
/ (23,-'°,Z)—11m/ (rw z

r—l

3 z) e N(U"™?),
n

for almost all w, € T. Continuing in this manner we may then consider
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W, oee
1 w

f

n . wlo.ow 1
=lim / n= ("”n)’

r—l
whenever this limit exists. Zygmund in [4] proves
1.2 Theorem. If feN__ (U™, then [“1"""“" - {*(w) for almost all we T™.

Zygmund [4] and Calderon and Zygmund [1] pose the question whether N _;(U™)
may be replaced by N(U™) in 1.2. This paper shows that N, U ™) may be re-
placed by N*(U™).

In the next two sections, the following fact will be used repeatedly: If f¢€
NU™ (Hy (U™, N*(U™) and zeU™™* (1 <k <n-1), then [(-, 2)e N(U*)

(H¢ (Uk), N*(U*®)). This is seen most easily by using the n-harmonic majorant
form of the definitions for N, H¢, and N*

. . wyeeew . .
2. In this section we show that [ ! ™ exists for almost all we T7”, if

f€ N(U™). This material (in slightly different form) may be found in [4] and [5,
Chapter 17]. We include it here for two reasons. First, it makes this paper self--
contained. Second, it leads to certain measurability questions which arise in ex-
tending 1.2 to N*(U™).

We assume 1.1. A proof similar to the proof of 3.4 gives 1.1.

Let H(k, n) and M(n) denote the following:

H(k, n): If fe NQU™), then [“1" """k N(U™ =*) for almost all Wy e, w,)
eTR (1< k<n-1).

M(n): If fe N(U™), then /w 17" ¥n exists (finitely) for almost all we T",

and the function F(w) = [“1"""“" is a measurable function on T ™

2.1 Lemma. If H(n-1, n) and M(n-1) hold, then M(n) holds.

Proof. Let fe N(U™). H(n-1, n) says that there exists ACT""}, m, I(/\)
= 1, such that /w1 t¥n -1 e N(U) for we A. Therefore, for w € A, there exists
Bw)CT, m (B(w)) =1, such that if w € B(w), then F(w, w ) exists. It follows
that if the set of definition for F is measurable, it must have measure 1. We will
show that this set is measurable and that, on this set, F is measurable. The
lemma follows..

Write { = u + iv. If A€ U is fixed, f(-, A€ N(U"=1. Thus 2“1 “7-1 (1)
is a continuous function of A (for w € A fixed) and a measurable function on
A (and hence on T"~ I), for Ae U fixed. It follows that the two functions

_ wieew
Uw, wn) = lim  sup u n (rwn)
k—oo r>1-1/k
and
W, oo
Uw, w )= lim inf « ' " w)
Y n n
k—nmo r>1-1,/k
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are measurable on T" (the supremum and infimum need only be taken over'a
countable dense set). Similarly for V and V. Hence the sets {U=U} {v=Vi
{U =00 or U= oo}, and {V = = or V = — =} are measurable. It follows that the
set of definition for F is measurable; and since F = U + iV on this set, F is

measurable there.

2.2 Lemma. If H(k-1, n) and M(k-1) hold for some k, 2 <k <n-1, then
m, (A) = 1; where A C Tk is defined by

W,eoow
weA i/ and onlyif { 1 k-l e N(Uunk+

and {/ Y- l(rw N is a normal family
on U™k (indexed by r, 0<r<1).

Proof. For z€ U™~ fixed and 0 <r < 1 fixed, it is easy to see that
ULk - l(rwk, z) is a measurable function on Tk Let iz i=1,2...1C
U™ ~* be dense. Let {fr;+ i=1,2,...1C[0, 1) be dense. Let {D;:1=1,2,...}
be an expanding collection of compact subsets of U”" =% such that U™~
UIDI‘ Define (for I =1,2,+--,and m=1,2,...):

Wy eew
AL, m) = {w €Tk [wl “he1 ¢ n(ynm kD, sup |/ ! k'l(riwk, zl,)l < m}.

i;z].€Dl

Then A(l, m) is measurable, hence

- NYUAU m

1
is measurable. Theorem 1.1 and considerations similar to those in 2.1 show that

my(A) =1 (since {1 ¥R e N(U™~*) implies we A).

2.3 Lemma. If H(k-1,n) and M(k-1) hold for some k, 2 <k <n-1, then
[U1T TR s bolomorphic on U™ =% for almost all we T*.

Proof. Let {z i=1,2, (C U™ -* be dense. By 2.1 there exists C C
k, m, (C )=1, such that/ wk(z]) exists for we€ C Let C = n] C,
and D = A N C. Then m, (D) = 1. We claim that we D 1mp11es that [“ Yk

Ic

is holomorphic on U™ =%, —

lLet weD, r_— 1,z € U" "% There exists z, .
m L] L)

z,. Since w € A, there exists a subsequence {'p(m)’ such that

gl) = Lim /1R,

m — oo

p(m) ¥k’ )

n-k o wpeewy .
/ . Ietr)_/ (l())(smceweC)andrl0

g(z,). Then 7, — - Smce 7; is independent of {r | (again since w e C), we
wip-

is holomorphic on (

see that lim i
,‘wl'..wk

- l(rwk, z ) exists. Smce w € A, we see that

is holomorphic on U™ %,

2.4 Lemma. If fe N(U™) and [V “* is holomorphic on U™ ~* for almost
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all we T, then /wl.”wkeN(U"‘k) for almost all w € Tk,

Proof. If fe N(U™), n-harmonic majorant considerations show that there

exists M < o such that
Hilr w. ) one e M
f log |/.71 1’ ,riw‘,rw 1 ,rw)'dm < M,

€ for 0 <r;<1 (1< i<k) and 0< 7 < 1. Fubini’s theorem and Fatou’s lemma

(applied several times) give
ceew

w
dm, | Hpe Uk
Jom [ 108t R <,
. wyeecewy . . k .
for 0 <r < 1. Since [ is holomorphic for almost all we€ T*, the inner
integral is a nondecreasing function of r almost everywhere on Tk, Lebesgue’s
monotone convergence theorem then gives

. (/1 e
<M.
ka (1,,,, Joe to8'll ) |dm k) dm, <M

r—l
Therefore

. + wl.--ulk 4 <o
lin; J:rn-k log*|(f )rl m._p ,

for almost all we Tk

2.5 Theorem (Zygmund). If fe N(U™), then /w 1" %Wa-1e N(U) for almost

S w, )€ T"=1 and {1 %" exists for almost all we T™.

all (wy, -+

Proof. We will first establish the following statement by induction on k:
H(k, n) and M(k) hold for 1< k<nmn-1, For k=1, this is 1.1 and the fact that
{€ N(U) implies /* measurable and log *|/*| € L 1(T). Assume the statement
for k- 1. Clearly if H(k-1, n) holds, then H(k-1, k) holds. Lemma 2.1 then
gives that M (k) holds. Lemmas 2.3 and 2.4 give that H(k, n) holds. Q.E.D.
Lemma 2.1 and the case & = n-1 in the above then give the theorem.

2.6 Theorem. If f¢€ H¢(U"), then /wlnow"‘lquS(U) for almost all we
Tn-l

Proof. The proof is an obvious extension of the ideas in 2.4 and 2.5.

3. Before establishing the main result of this paper, we must first prove some
lemmas. The first two lemmas endow N*(U™) with a quasi-norm structure, [3],
in such a manner that A(U") is dense. This fact is exploited to prove the theorem.

Definition. For f€ N¥(U™), let

dn(/) = ljml an log (1 + |f7|)dmn.
r—
d, is well defined, since log(1 +|f|) is n-subharmonic.

3.1Lemma. 4 _(f)= fT" log (1 + |/*|)dm"-
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3.2 Lemma. lim _,d (f-/)=0.

Lemma 3.1 is a straightforward application of the definition of a uniformly in-
tegrable family and Egoroff’s theorem (note that fe€ N*(U™) if and only if
{log (1 + |/,D} is a uniformly integrable family). I.emma 3.2 uses 3.1, uniform
integrability, and Egoroff’s theorem. Also note that dn (f+g) < d" N+ a'n (g), be-
cause log (1 + x +y) <log (1 +x)+log(l+y),if x>0 and y> 0.

Lemma 3.2 shows that A(U™) is dn-dense in N*(U™. In what follows, it is
helpful to view d'Z (f) in three ways:

() d (f)=sup, _ ,_, an log (1+|f Ddm,_.
(ii) @,(f) is the value at the origin of the least n-harmonic majorant of

log (1 + |f]).
(iii) d_ (/)= sup an log (1 + I/(rlwl, “en, rnwn)l)dmn(w), where the
supremum is taken over all (rl, cee, rn) for which 0<r, <1 (1< i< n). ((iii)

follows from (ii).)
3.3 Lemma. If b € N*(U™) and EZ: 14,(h,) = M <o, then
1) i Ib:(w)| <o
for almost all we T". In particufa;r} for almost all we T", lim, _ h*(w)=o.

Proof. We have

m m m
* *
an log (1 + kz_:l |bk|> dm < an kZ_jl log(1 + b} dm = kz_:l d_(h,) <M.

By Lebesgue’s monotone convergence theorem,

f . log <l + Z |b:|> dmn <M.

T k=1

This last integrand must be finite almost everywhere. Thus (1) holds.

3.4 Lemma. Let € N*(U™). Then there exists ACT""], m _,(A)=1,
such that the functions f defined by f (X =lim _  f(w, ..., rw A),

Xe U, are in N*(U) for we A

n-1

Proof. For w € T"" !, let glw) = [r log * |/ *(w, w")l dml(wn). Let

u(z], -o-,z"_l)= Pn_l[g](zl, ---,z"_l),

where P [-] denotes the Poisson integral (see [2]). Since ge LT 1),
there exists BC T" "~ 1, m__,(B) =1, such that if we B, lim _  u(rw) exists,
(2, p. 24]. Now
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log*l/(zl’ cee, zn)l < Pn[l°8+|/*'](21’ ceny zn).
Therefore if |z | <r <1 and we B,

log*|f(rw, z )| < K@)1/1 - ),

where K (w) is a constant depending on w. Hence {f(rw, -)} is a normal family
on U (indexed by r, w€ B fixed). Then /,, will be holomorphic if for some dense
set fAk=1,2...4CU lim _ ,f(rw, A,) exists. Now for k fixed,

f, A) € N*(U™ ). Thus there exists C, CT"~ ', m__ (C,) = 1, such that if
weC,, lim _ l/(rw, )‘k) exists. Thenif C=BnN (nka), m, _,(C)=1, and
lim l/(rw, )\k) exists for all &, if we C. Therefore f  is holomorphic on U
for we C. Then if f¢€ Hy (U™), an argument similar to the proof of 2.4 gives f, €
Hd>(U) for weACT®- 1, m. ,(A) = 1. The lemma follows.

3.5 Lemma. If f € NY(U™), then G (w, w,)=lim _ [, Gw) exists (finitely)
almost everywhere, and G is a measurable function on T™.

(Note that G (w, wn) = (/w) *(wn).)
Proof. Similar to 2.1.

3.6 Lemma. With A as in 3.4, we have

@ I, 441 dm,_ ) < d (.
Proof. We have for 0<r <1 and 0< p<1,
[ydm,_ @) [ log U+ Iftrw, pw D) dm, ) < d (.

For fixed (w, w_} and p, the integrand converges to log (1 + |7, (w)]), as

r — 1; so that Fatou’s lemma gives
IA dmn_ l(w) JT log (1 + |/w(pwn)|)dml(w") < dn(/).
As p — 1, the inner integral converges to a’l (f,)- Another application of Fatou’s

lemma gives (2).

3.7 Lemma. Suppose that if € N*(U™ = 1), then
/wl...wn_l _ /*(wl, e, wn- I)

for almost all (w, +++, w, _ 1) eT" L Thenif f€ N*U™), we have fu€ N*)
and [ (N) = ¥V ¥ =1, A€ U, for almost all we T" =1,

Proof. Let {)\k: k=1,2 ...} CU be dense. Then for each k, there exists
A, C T"-1, mn_l(Ak) = 1, such that /w()\k) =/wl”.w"'l()\k) for we A,
(since f(-, )xk)e N*U™-1). By 2.6, there exists BCT"~ L m, _ l(B) = 1, such
that w e B implies f“1" " “"=1e N*(U). Let A be asin3.4. Let C=ANB
N (N, 4,). Then m,_ (O =1,and [, (A)=/“1""" "1 forall k, if we C.
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The continuity of f, and U= gor we C now gives the lemma.
3.8 Theorem. If f€ N*(U™), then for almost all we T, (17" %" _ *(w).

Proof. By induction on n. For n =1 there is nothing to do. Assume the
theorem for N*(U”=1). Lemma 3.7 and this assumption give a set A CT" -1
m, _,(A) =1, such that [ € N*(U) and fw e R R (w -
wo 1) € A.

n
Choose 8 € A(U™) such that

’

3) d (g, -N<27™%  k=1,2,3 ...

Lemma 3.3 (with g, — f in place of b,) and (3) imply that

(4) lim g, () = ("),
k—o00
for almost all w' € T?. Lemma 3.6 and (3) give
-k
fA d((g,), - 1)dm W) <27%  k=1,2,3,....

Hence there is a set A' C A, m, I(A ) = 1, such that

o0
(5) 2 d,(g), ~ 1) <=
k=1
for we A'. Now apply 3.3 again (with 7 = 1) to conclude from (5) that
*
©) klim g lw, w) )=(f ) (w),

if we A' and w €BW)CT, ml(B (w)) = 1. Since A' CA, (6) and the definition
of (/w)* say that

. wl.c.w
(7 lim gk(w, wn) =/ n

’
k—o00

for w = (w ot W l) €A’ w, € B (w). Statements (4) and (7) thus give the
existence of a set A0 cT"-1, mn_l(Ao) =1, and a set B (w), m (B, w)) =1,

for each we A, such that
weew

(8) f

n - /*(w’ wn)

for w = (wl, oo, w, _1)6 Ao and w € Bo(w). (We may assume AO CA' and
Bo(w) C B(w).)
Lemma 3.5 and the induction hypothesis show that (w, ..., wn)—»/w 1

. . Wieeow
is a measurable function on T”. Hence the set C = {(w, wn) eT™: [ 1 n_

rrwy

[ *(w, wn)} is measurable. Since, from (8),

wgo fw, w):w_ e B Wicc,

m_(C) = 1. This is the theorem.
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4. If z, approaches w, nontangentially, [1] and [4] show that if fe N(U™),
then

w
1 = 1 LR Y
zil-erl fley 2, =1 (22’ ’ zn)’

for almost all w, €T. Similarly

lim -+« lim /(zl,-o-,z)=/ ,
zZ —w Z,—w n
n n 1 1
for almost all w e T", where z,—w, nontangentially (1 < j <n). Therefore we

have

4.1 Corollary. If fe N*(U™),
lim <+« lim /(Zl"’.’zn)=/*(wl’...’wn)
Zn—‘wn zl——~wl
for almost all (w,, -+, w )€ T", when z, oW, nontangentially (1 <j<n).

The following is an immediate consequence of 3.8.

4.2 Corollary. The value of the iterated limit of a function in N*(U™) is al-

most everywbhere independent of the order of iteration.

d_ is actually a quasi-norm on N*(U™, and N*(U™) is complete under d .
This topological algebra is the subject of the author’s thesis. The author appre-
ciates the encouragement of his thesis advisor, Walter Rudin.

dn is not a quasi-norm on N(U™), for scalar multiplication fails to be con-
tinuous (even when n = 1, as may be seen by considering the function
exp ((1 + z)/(1-2))). The above proof is not applicable to N(U™), for both 3.1
and 3.2 fail to hold.
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